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Abstract
In this paper, we show that every 1-tough graph with order and isolated toughness at least r + 1
has a factor whose degrees are r, except for at most one vertex with degree r + 1. Using this result,
we conclude that every 3-tough graph with order and isolated toughness at least r + 1 has a connected
factor whose degrees lie in the set {r, r + 1}, where r ≥ 3. Also, we show that this factor can be found
m-tree-connected, when G is a (2m + ε)-tough graph with order and isolated toughness at least r + 1,
where r ≥ (2m − 1)(2m/ε + 1) and ε > 0. Next, we prove that every (m + ε)-tough graph of order at
least 2m with high enough isolated toughness admits an m-tree-connected factor with maximum degree
at most 2m+ 1. From this result, we derive that every (2 + ε)-tough graph of order at least three with
high enough isolated toughness has a spanning Eulerian subgraph whose degrees lie in the set {2, 4}.
In addition, we provide a family of 5/3-tough graphs with high enough isolated toughness having no
connected even factors with bounded maximum degree.
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1 Introduction
In this article, all graphs have no loop, but multiple edges are allowed and a simple graph is a graph
without multiple edges. Let G be a graph. The vertex set, the edge set, the maximum degree of G are
denoted by V (G), E(G), and ∆(G), respectively. We also denote by iso(G), odd(G), and ω(G) the number
of isolated vertices of G, the number of components of G with odd number of vertices, and the number
of components of G, respectively. For a vertex set S of G, we denote by G[S] the induced subgraph of
G with the vertex set S containing precisely those edges of G whose ends lie in S. The vertex set S is
called an independent set, if there is no edge of G connecting vertices in S. The maximum size of all
independent sets of G is denoted by α(G). For a set A of integers, an A-factor is a spanning subgraph
with vertex degrees in A. A graph G is called m-tree-connected, if it has m edge-disjoint spanning trees.
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The vertex set of any graph G can be expressed uniquely as a disjoint union of vertex sets of some induced
m-tree-connected subgraphs. These subgraphs are called the m-tree-connected components of G. For
a graph G, we define Ωm(G) = |P | −
1
meG(P ), in which P is the unique partition of V (G) obtained from
the m-tree-connected components of G and eG(P ) denotes the number of edges of G joining different parts
of P . Let t be a positive real number, a graph G is said to be t-tough, if ω(G \ S) ≤ max{1, 1t |S|} for all
S ⊆ V (G). Likewise, G is said to be m-strongly t-tough, if Ωm(G \ S) ≤ max{1,
1
t |S|} for all S ⊆ V (G).
Furthermore, G is said to be t-iso-tough, if iso(G \ S) ≤ 1t |S| for all S ⊆ V (G). This definition is a little
different from [16, 17] for the sake of simplicity. Note that when G is t-iso-tough, for each vertex v, the
number of its neighbours must be at least t and hence the conditions V (G) ≥ t + 1 and dG(v) ≥ t must
automatically hold. More generally, when t is a real function on V (G), we say that G is t-iso-tough, if
for all S ⊆ V (G),
∑
v∈I(G\S) t(v) ≤ |S|, where I(G \ S) denotes the set of all isolated vertices of G \ S.
We denote by NG(I) the set of all neighbours of vertices of I in G. Let A and B be two disjoint vertex
sets. Let g and f be two integer-valued functions on V (G). We denote by ωg,f (G,A,B) the number of
components C of G \A∪B satisfying f(v) = g(v) for each v ∈ V (C) and
∑
v∈V (C) f(v) 6
2
≡ dG(C,B), where
dG(C,B) denotes the number of edges of G with one end in V (C) and the other one in B . When g = f ,
for convenience we only write ωf (G,A,B). An f-factor of G refers to a spanning subgraph F such that for
each vertex v, dF (v) = f(v). A near f-factor refers to a spanning subgraph F such that for each vertex v,
dF (v) = f(v), except for at most one vertex u with dF (u) = f(u) + 1. Note that when the sum of all f(v)
taken over all vertices v is even, F is a near f -factor if and only if F is an f -factor. A (g, f)-factor of G is
a spanning subgraph F such that for each vertex v, g(v) ≤ dF (v) ≤ f(v). For convenience, we write min f
for min{f(v) : v ∈ V (G)} and write max f for max{f(v) : v ∈ V (G)}. Throughout this article, all variables
ε are (small) positive and real and all variables r and m are positive and integer.
In 1947 Tutte constructed the following criterion for the existence of a perfect matching.
Theorem 1.1.([19]) A graph G has a 1-factor if and only if for all S ⊆ V (G), odd(G \ S) ≤ |S|.
In 1978 Vergenas formulated a criterion for the existence of (1, f)-factors and showed that the criterion
becomes simpler for the following special case.
Theorem 1.2.([14]) Let G be a graph and let f be an integer-valued function on V (G) with f ≥ 2. Then
G has a (1, f)-factor if and only if for all S ⊆ V (G), iso(G \ S) ≤
∑
v∈S f(v).
In 1985 Enomoto, Jackson, Katerinis, and Saito proved the following theorem on tough graphs, which was
originally conjectured by Chva´tal [6].
Theorem 1.3.([9]) Every r-tough graph G of order at least r + 1 with r|V (G)| even admits an r-factor.
In 1990 Katerinis [13] obtained a sufficient toughness condition for the existence of factors whose degrees
lie in the set {r, . . . , r + i}, when i ≥ 1. In 2007 Ma and Yu refined Katerinis’ result by replacing isolated
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toughness condition as the following result. In this paper, we provide a supplement for their result by
proving that every 1-tough (r + 1)-iso-tough graph admits a near r-factor. Moreover, we show that this
result can be hold for 1r−1 -tough (r
2 + r)-iso-tough graphs.
Theorem 1.4.([16]) Every (r− ir+i)-iso-tough graph has a factor whose degrees lie in the set {r, . . . , r+ i},
where i ≥ 1.
Recently the present author [11] investigated tree-connected factors and generalized a result in [7, 8] as the
following theorem. In this paper, we improve this result by pushing down the needed toughness in graphs
with higher isolated toughness as mentioned in the abstract.
Theorem 1.5.([11]) Every r-tough graph of order at least r + 1 has an m-tree-connected {r, r + 1}-factor,
where r ≥ 4m− 1.
In Section 4, we show that (m+ε)-tough graphs with high enough isolated toughness havem-tree-connected
factors with maximum degree at most 2m+ 1. As an application, we improve the needed toughness of the
following result in graphs with high enough isolated toughness.
Theorem 1.6.([11]) Every (3 + 1/2)-tough graph of order at least three admits a connected {2, 4}-factor.
2 Isolated toughness and the existence of f-factors
In this section, we shall present some sufficient toughness conditions for the existence of near f -factors in
graphs with high enough isolated toughness. Before doing so, let us state a theorem due to Tutte (1952) as
the following version.
Theorem 2.1.([20]) Let G be a general graph and let f be an integer-valued function on V (G). Then G
has a near f -factor if and only if for all disjoint subsets A and B of V (G),
ωf (G,A,B) ≤
∑
v∈A
f(v) +
∑
v∈B
(dG\A(v)− f(v)) + 1.
Moreover, when
∑
v∈V (G) f(v) is odd the upper bound can be increased by one.
The following corollary is an application o of Theorem 2.1, which is inspired by Lemma 4 in [13].
Corollary 2.2.(see [13]) Let G be a general graph and let f be an integer-valued function on V (G). Then
G has a near f -factor, if for all disjoint subsets A and B of V (G) satisfying dG[B](v) ≤ f(v) − 2 and
dG\A(v) ≤ 2f(v)− 1,
ω(G \A ∪B) ≤
∑
v∈A
f(v) +
∑
v∈B
(dG\A(v)− f(v)) + 1.
Moreover, when
∑
v∈V (G) f(v) is odd the upper bound can be increased by one.
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Proof. This result can similarly be developed to a (g, f)-factor version. For this reason, let us define g = f .
We are going to show that the inequality holds for any two disjoint subsets A and B of V (G) and so the
proof follows from Theorem 2.1. By induction on |B|. Let q(A,B) be the right-hand side of the inequality
in the corollary. Assume that B has a vertex u with dG[B](u) ≥ g(u)− 1 or dG\A(u) ≥ f(u) + g(u). Define
B = B − u. If dG[B](u) ≥ g(u)− 1, then
ω(G \A ∪B) ≤ ω(G \A ∪ B) + d− 1 ≤ q(A,B) + d− 1 = q(A,B)− dG[B](u) + g(u)− 1 ≤ q(A,B).
where d denotes the number of edges of G incident to u with other end in V (G) \ (A ∪ B). Also, if
dG\A(u) ≥ f(u) + g(u), then
ω(G \A ∪B) = ω(G \ A ∪ B) ≤ q(A,B) = q(A,B) − dG\A(u) + f(u) + g(u) ≤ q(A,B),
where A = A+ u. Hence the lemma holds. 
Corollary 2.3. Let G be a connected general graph with u ∈ V (G) and let f be an integer-valued function
on V (G) with
∑
v∈V (G) f(v) odd. Then G has a near f -factor F which dF (u) = f(u) + 1, if for all disjoint
subsets A and B of V (G) with A ∪B 6= ∅,
ωf (G,A,B) ≤
∑
v∈A
f(v) +
∑
v∈B
(dG\A(v)− f(v)).
Proof. First, define f ′(u) = f(u) + 1 and f ′(v) = f(v) for each vertex v with v 6= u. Next, apply
Theorem 2.1 with the function f ′. Note that ωf ′(G,A,B) ≤ ωf (G,A,B) + 1 and ωf ′(G, ∅, ∅) = 0. 
The following theorem can generalize Lemma 1 in [13] and plays an important role throughout this paper.
Theorem 2.4. Let H be a graph. If ϕ is a nonnegative real function on V (H), then there is an independent
subset I of V (H) such that ∑
v∈V (H)
ϕ(v) ≤
∑
v∈I
ϕ(v)(dH (v) + 1).
Proof. Define H0 = H . For every nonnegative integer i with |V (Hi)| ≥ 1, take ui to be a vertex of Hi
with the maximum ϕ(ui) and set Hi+1 = Hi \ (N(ui)∪{ui}), where N(ui) denotes the set of all neighbours
of ui in Hi. Define I to be the set of all selected vertices ui. It is not hard to check that I is a maximal
independent set of H and {N(u) ∪ {u} : u ∈ I} is a partition of V (H). Since ϕ(u) ≥ 0,
∑
v∈V (H)\I
ϕ(v) =
∑
u∈I
∑
v∈N(u)
ϕ(v) ≤
∑
u∈I
ϕ(u)dH(u).
This inequality can complete the proof. 
Corollary 2.5.([5, 18]) For every graph H, we have α(H) ≥
∑
v∈V (H)
1
1+dH(v)
.
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Proof. Apply Theorem 2.4 with ϕ(v) = 1/(1 + dH(v)). 
The following corollary provides an equivalent version for Theorem 2.4.
Corollary 2.6. Let H be a graph and let ϕ and d be two real functions on V (H). If for each v ∈ V (H),
ϕ(v) ≥ d(v) ≥ dH(v), then there is an independent subset I of V (H) such that
∑
v∈V (H)
(ϕ(v) − d(v)) ≤
∑
v∈I
(d(v) + 1)(ϕ(v) − d(v)).
Proof. Apply Theorem 2.4 with replacing (ϕ(v) − d(v)) instead of ϕ(v). 
The following theorem gives a sufficient toughness condition for the existence of a near f -factor.
Theorem 2.7. Let G be an f(f + 1)/ε-iso-tough graph, where f is a positive integer-valued function on
V (G) and ε is a real number with 0 < ε ≤ 1. If for all S ⊆ V (G),
ω(G \ S) <
∑
v∈S
(f(v)− ε) + 2,
then G admits a near f -factor.
Proof. Let A and B be two disjoint subsets of V (G). We may assume that d(v) ≤ 2f(v)−1 for each v ∈ B,
where d(v) = dG\A(v). For each v ∈ B, define ϕ(v) = 2f(v)− ε so that ϕ(v) ≥ d(v). By Corollary 2.6, the
graph G[B] has an independent set I such that
∑
v∈B
(ϕ(v) − d(v)) ≤
∑
v∈I
(d(v) + 1)(ϕ(v)− d(v)). (1)
Define t(v) = f(v)(f(v) + 1)/ε − 1. Note that we could push down t(v) by 2/ε when f ≥ 2, by replacing
Theorem 2.4 and using some careful estimation. Since G is t-iso-tough, we have
∑
v∈I t(v) ≤ |A∪NG(I)| ≤
|A|+
∑
v∈I d(v). Since d(v) is integer, we must have
(d(v) + 1)
(
ϕ(v) + ε− d(v)
)
= (d(v) + 1)
(
2f(v)− d(v)
)
≤ (f(v) + 1)f(v),
which implies that ∑
v∈I
(d(v) + 1)
(
ϕ(v) − d(v)
)
≤
∑
v∈I
(
ε t(v)− εd(v)
)
≤ ε|A|. (2)
Therefore, Relations (1) and (2) can conclude that
∑
v∈B
(f(v)− ε) =
∑
v∈B
(ϕ(v) − f(v)) ≤ ε|A|+
∑
v∈B
(d(v)− f(v)).
On the other hand, by the assumption,
ω(G \A ∪B) <
∑
v∈A∪B
(f(v)− ε) + 2 =
∑
v∈A
(f(v)− ε) +
∑
v∈B
(f(v)− ε) + 2.
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Therefore,
ω(G \A ∪B) ≤
∑
v∈A
f(v) +
∑
v∈B
(d(v) − f(v)) + 1. (3)
Hence the assertion follows from Corollary 2.2. 
Corollary 2.8. Let G be an f(f + 1)-iso-tough graph, where f is a positive integer-valued function on
V (G). If for all S ⊆ V (G),
ω(G \ S) ≤
∑
v∈S
(f(v)− 1) + 1,
then G admits a near f -factor.
The needed isolated toughness of Corollary 2.8 can be pushed down for graphs with higher toughness as
the next theorem.
Theorem 2.9. Let G be a graph and let f be a positive integer-valued function on V (G), and let a be a
positive real number with f ≥ a ≥ 1. If G is 1a (f + a/2)
2-iso-tough and for all S ⊆ V (G),
ω(G \ S) <
∑
v∈S
(f(v)− a) + 2,
then G admits a near f -factor.
Proof. Apply the same arguments in the proof of Theorem 2.7 by setting ϕ = 2f − 1 and t = 1a ((f +
a/2)2)− 1, and also ε = a. 
2.1 Graphs with higher toughness
For graphs with toughness more than one, Theorem 2.7 can be further improved as the next theorem. We
below denote by t0(a, f, h), the real function t such that for each vertex v, t(v) =
1
4(a−1) ((f(v) + a− 1)
2 −
4h(v)− ε0(v)), where ε0(v) ∈ {0, 1}, and also ε0(v) = 1 if only if a and f(v) have the same parity.
Theorem 2.10. Let G be a graph, let f be a positive integer-valued function on V (G), and let a be a
positive real number with f ≥ a > 1. Let h be a nonnegative real function on V (G). Then G admits a near
f -factor, if G is t0(a, f, h)-iso-tough and for all S ⊆ V (G),
∑
v∈I∗
(f(v) + h(v)− 1) + ω(G \ S) ≤ |S|+ 1,
where I∗ is the set of any arbitrary specified center vertices of the star components of G \ S.
Proof. The proof presented here is inspired by the proof of Theorem 1 in [13]. This result can similarly
be developed to a (g, f)-factor version. For this reason, let us define g = f . Let A and B be two disjoint
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subsets of V (G). For notational simplicity, we write d(v) for dG\A(v). Define B0 = {v ∈ B : d(v) < g(v)}.
By Corollary 2.6, the graph G[B0] has an independent set I0 such that
∑
v∈B0
(g(v)− d(v)) ≤
∑
v∈I0
(d(v) + 1)(g(v)− d(v)). (4)
Since G is t-iso-tough, we have
∑
v∈I0
t(v) ≤ |A ∪ NG(I0)| ≤ |A| +
∑
v∈I0
d(v). Since d(v) is integer, we
must have
(d(v) + 1)
(
g(v)− d(v)
)
− g(v) + a d(v) ≤
1
4
(g(v) + a− 1)2 −
1
4
ε0(v) = (a− 1)t(v) + h(v),
which implies that
∑
v∈I0
(d(v) + 1)
(
g(v)− d(v)
)
−
∑
v∈I0
(g(v) + h(v)) ≤
∑
v∈I0
(
(a− 1) t(v)− a d(v)
)
≤ (a− 1)|A| −
∑
v∈I0
d(v). (5)
Therefore, Relations (4) and (5) can deduce that
∑
v∈B0
(
g(v)− d(v)
)
−
∑
v∈I0
(g(v) + h(v)) ≤ (a− 1)|A| −
∑
v∈I0
d(v) (6)
Let I be a maximal independent set in G[B] with I ⊇ I0 so that NG(I) ⊇ B \ I. Denote by x1 the number
of components C of G \ A ∪B such that dG(v, I) = 1, for each v ∈ V (C). For every such a component C,
select a vertex z with dG(z, I) = 1. Define Z to be the set of all selected vertices. Also, denote by x2 the
number of components C of G \ A ∪B such that dG(v, I) ≥ 1, for each v ∈ V (C), and dG(u, I) ≥ 2, for at
least one vertex u ∈ V (C). Set S = A∪ (NG(I) \Z). According to this definition, it is not difficult to show
that
ω(G \A ∪B)− x1 − x2 + |I| ≤ ω(G \ S),
and
|S| ≤ |A|+
∑
v∈I
d(v)− x1 − x2.
On the other hand, by the assumption,
∑
v∈I
(g(v) + h(v)− 1) + ω(G \ S) ≤ |S|+ 1,
which implies that
∑
v∈I0
(g(v) + h(v)) +
∑
v∈I\I0
g(v) + ω(G \A ∪B) ≤ |A|+
∑
v∈I
d(v) + 1.
Since d(v) ≥ g(v) for each v ∈ B \B0, we must have
∑
v∈I0
(g(v) + h(v)) +
∑
v∈B\B0
(g(v)− d(v)) + ω(G \A ∪B) ≤ |A|+
∑
v∈I0
d(v) + 1. (7)
Therefore, Relations (6) and (7) can conclude that
ω(G \A ∪B) ≤ a|A|+
∑
v∈B
(d(v) − g(v)) + 1 ≤
∑
v∈A
f(v) +
∑
v∈B
(d(v)− g(v)) + 1.
Hence the assertion follows from Corollary 2.2. 
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Corollary 2.11. A graph G admits a near r-factor, if for all S ⊆ V (G), iso(G \ S) ≤ 1r |S|, and
(r − 1)w∗(G \ S) + ω(G \ S) ≤ |S|+ 1,
where w∗(G \ S) denotes the number of star components of G \ S.
Proof. Apply Theorem 2.10 with f(v) = a = r and h(v) = 0 when r > 1. For the special case r = 1, one
can directly apply Theorem 1.1. 
Corollary 2.12.([9]) Every r-tough graph G of order at least r + 1 admits a near r-factor.
Proof. We may assume that |V (G)| ≥ r + 2. Let S be a subset of V (G). If |S| < r, then ω(G \ S) = 1
and also iso(G \ S) = 0. Since |V (G)| ≥ r + 2, by the assumption on toughness, one can conclude that
each vertex of G contains at least r + 1 neighbours. Hence w∗(G \ S) = 0. If |S| ≥ r, then we also have
iso(G \ S) ≤ ω(G \ S) ≤ |S|/r and (r − 1)w∗(G \ S) + ω(G \ S) ≤ r ω(G \ S) ≤ |S|. Now, it is enough to
apply Corollary 2.11. 
Corollary 2.13. Let G be a graph, let n be a real number with n > 1, and let f be a positive integer-valued
function on V (G) with f ≥ a > 1. Define t = max{ nn−1f,
1
4(a−1/n) ((f + a − 1)
2 + f)}. If G is t-iso-tough
and for all S ⊆ V (G),
ω(G \ S) ≤
1
n
|S|+ 1,
then G admits a near f -factor.
Proof. For each vertex v, define h(v) = n−1n t(v) − f(v). Note that h is nonnegative and t ≥
1
4(a−1) ((f +
a− 1)2− 4h). Let S ⊆ V (G). Let X be the set of any arbitrary specified center vertices of star components
of G \ S with at least two vertices, and take Y to be the set of all other vertices of such star components.
Note that |Y | ≥ |X |. Define Sx = S ∪X and Sy = S ∪ Y . By the assumption, we have
ω(G \ S)− |X |+ |Y | ≤ ω(G \ Sx) ≤
1
n
|Sx|+ 1 =
1
n
|S|+
1
n
|X |+ 1.
Since G is nn−1 (f + h)-iso-tough, we also have
∑
I(G\S)∪X
(f(v) + h(v)) ≤
∑
I(G\Sy)
(f(v) + h(v)) ≤
n− 1
n
|Sy| =
n− 1
n
|S|+
n− 1
n
|Y |.
Therefore, ∑
I(G\S)∪X
(f(v) + h(v)− 1) + ω(G \ S) ≤ |S|+ 1 +
1
n
|X | −
1
n
|Y | ≤ |S|+ 1.
Hence the assertion follows from Theorem 2.10. 
When a = 1, Theorem 2.10 can be developed to the following version.
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Theorem 2.14. Let G be a graph and let f be a positive integer-valued function on V (G). Then G admits
a near f -factor, if for all S ⊆ V (G),
∑
v∈I∗
1
4
(f(v)− 1)(f(v) + 5) + ω(G \ S) ≤ |S|+ 1,
where I∗ is the set of any arbitrary specified center vertices of the star components of G \ S.
Proof. Apply the same arguments in the proof of Theorem 2.10 with a = 1, t = 0, and h(v) = ⌈(f(v)2 −
1)/4⌉. Note that ⌈ 14 (f(v)− 1)(f(v) + 5)⌉ = h(v) + f(v)− 1. 
Corollary 2.15. Let G be a graph, let n be a real number with n > 1, and let f be a positive integer-valued
function on V (G). Then G admits a near f -factor, if G is n4n−4f(f + 4)-iso-tough and for all S ⊆ V (G),
ω(G \ S) ≤
1
n
|S|+ 1.
Proof. Apply Theorem 2.14 and the same arguments in the proof of Corollary 2.13. 
2.2 An application to the existence of m-tree-connected (f, f + 1)-factors
The following lemma is a useful tool for finding m-tree-connected factors in tough enough graphs. The proof
follows from the same arguments in the proof of Corollary 7.10 in [11].
Lemma 2.16.([11]) Let G be a simple graph and let F be a factor of G with minimum degree at least
(2m− 1)(2m/ε+ 1). If for all S ⊆ V (G),
ω(G \ S) ≤
1
2m+ ε
|S|+ 1,
then G has an m-tree-connected factor H containing F such that for each vertex v, dH(v) ≤ dF (v) + 1, and
also dH(u) = dF (u) for a given arbitrary vertex u.
The following result is an application of Lemma 2.16 and Corollary 2.8.
Theorem 2.17. Let G be an f(f + 1)-iso-tough graph, where f is a positive integer-valued function on
V (G) with f ≥ (2m− 1)(2m/ε+ 1). If for all S ⊆ V (G),
ω(G \ S) ≤
1
2m+ ε
|S|+ 1,
then G admits an m-tree-connected (f, f + 1)-factor.
Proof. We may assume that G simple, by deleting multiple edges from G (if necessary). By Corollary 2.8,
the graph G has a near f -factor F so that for each vertex v, dF (v) = f(v), except for at most one vertex u
with degree f(u) + 1. By applying Lemma 2.16, the graph G has an m-tree-connected spanning subgraph
H containing F such that for each vertex v, dH(v) ≤ dF (v) + 1, and also dH(u) = dF (u). This implies that
H is an m-tree-connected (f, f + 1)-factor. 
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Corollary 2.18. Every 3m-tough f(f +1)-iso-tough graph G admits an m-tree-connected (f, f +1)-factor,
where f is a positive integer-valued function on V (G) with f ≥ 6m− 3.
Remark 2.19. Note that several theorems in graph theory for the existence of f -factors can be developed
to a near f -factor version. This type of factors is useful when a factor is required for extending to connected
factors with bounded degrees as the proof of Theorem 2.17. For further examples, see [4, 11]. Note also that
each of Theorem 3.4 (ii) in [1] and Theorem 1.3 can be developed to a stronger version, using Corollary 2.3,
that allows us to select the exceptional vertex u arbitrary.
2.3 (f, f + 1)-factors in iso-tough graphs
In the following, we turn our attention to the existence of factors with bounded degrees to deduce that the
toughness condition of Corollary 2.8 can be removed completely, when the existence of (f, f + 1)-factors
will be considered. For this purpose, we need the following lemma due to Lova´sz (1970).
Lemma 2.20.([15]) Let G be a graph and let g and f be two integer-valued functions on V (G) with g ≤ f .
Then G has a (g, f)-factor, if and only if for all disjoint subsets A and B of V (G),
ωg,f (G,A,B) ≤
∑
v∈A
f(v) +
∑
v∈B
(dG\A(v) − g(v)).
The following theorem provides a common generalization for both of Theorems 2 and 3 in [16].
Theorem 2.21. Let G be a graph and let g and f be two nonnegative integer-valued functions on V (G)
with g < f . For each vertex v, define ε0(v) ∈ {0, 1} such that ε(v) = 1 if only if g(v) and min f have the
same parity. Also, define
t(v) =


g(v)− 1 + g(v)min f , if g(v) ≤ min f + 2;
1
4min f ((g +min f + 1)
2 − ε0)− 1, otherwise,
If G is t-iso-tough, then it admits a (g, f)-factor.
Proof. The proof follows with the same arguments in the proof of Theorem 2.7 with minor modification.
Let A and B be two disjoint subsets of V (G). Since g < f , we have ωg,f (G,A,B) = 0. In order to apply
Lemma 2.20, we should prove the inequality 0 ≤
∑
v∈A f(v) +
∑
v∈B(dG\A(v) − g(v)). For this purpose,
we may assume that for each v ∈ B, dG\A(v) ≤ g(v) − 1. This allows us to define ϕ = g for applying
Corollary 2.6. On the other hand, this inequality implies that
(dG\A(v) + 1)
(
g(v) + min f − dG\A(v)
)
≤ g(v)(min f + 1),
when g(v) ≤ (g(v) +min f)/2 + 1. This new inequality allows us to define the function t as required in the
proof. It is enough to repeat the same process of the proof of Theorem 2.7 by setting ε = min f . 
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When we consider the special case max g < min f , the theorem becomes simpler as the following result.
Corollary 2.22. Let G be a graph and let g and f be two nonnegative integer-valued functions on V (G)
with max g < min f . If G is (g − 1 + gmin f )-iso-tough, then it admits a (g, f)-factor.
Corollary 2.23. Every f(f + 1)-iso-tough graph G admits an (f, f + 1)-factor, where f is a nonnegative
integer-valued function on V (G).
3 Isolated toughness and the existence of regular factors
In the following theorem, we push down the needed isolated toughness of Theorem 2.10, when f is a constant
function, using a simpler proof inspired by the proof of Theorem 2 in [9].
Theorem 3.1. Let G be an (r + 1/n)-iso-tough graph with n ≥ 1. If for all S ⊆ V (G),
ω(G \ S) <
1
n
|S|+ 2,
then G has a near r-factor.
Proof. Let A and B be two disjoint subsets of V (G) such that for each v ∈ B, dG[B](v) ≤ r − 2. By
applying a greedy coloring, one can decompose B into r − 1 independent vertex sets B1, . . . , Br−1. Let
Si = A ∪NG(Bi). By the assumption, we must have
(r +
1
n
)|Bi| ≤ (r +
1
n
) iso(G \ Si) ≤ |Si| ≤ |A|+
∑
v∈Bi
dG\A(v),
and so
(r +
1
n
)|B| =
∑
1≤i≤r−1
(r +
1
n
)|Bi| ≤ (r − 1)|A|+
∑
1≤i≤r−1
∑
v∈Bi
dG\A(v) = (r − 1)|A|+
∑
v∈B
dG\A(v).
By the assumption, we must also have
ω(G \A ∪B) <
1
n
(|A|+ |B|) + 2.
Therefore,
ω(G \A ∪B) < (r − 1 +
1
n
)|A| +
∑
v∈B
(dG\A(v)− r) + 2 ≤ r|A|+
∑
v∈B
(dG\A(v)− r) + 2.
Thus the assertion follows from Corollary 2.2. 
Remark 3.2. Note that when G has no complete subgraphs of order r − 1 and r ≥ 5, independent sets
Bi can be chosen such that Br−1 = ∅, using Brooks’ Theorem [3]. This fact allows us to replace the upper
bound on n by 1/2 with the same proof.
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3.1 An application to the existence of m-tree-connected {r, r + 1}-factors
The following result is an application of Theorem 3.1 and Lemma 2.16.
Theorem 3.3. Let G be an (r + 1)-iso-tough graph and let ε be a positive real number with r ≥ (2m −
1)(2m/ε+ 1). If for all S ⊆ V (G),
ω(G \ S) ≤
1
2m+ ε
|S|+ 1,
then G admits an m-tree-connected {r, r + 1}-factor.
Proof. We may assume that G simple, by deleting multiple edges from G (if necessary). By Theorem 3.1,
the graph G has a factor F such that each of whose vertices has degree r, except for at most one vertex u
with degree r + 1. By applying Lemma 2.16, the graph G has an m-tree-connected spanning subgraph H
containing F such that for each vertex v, dH(v) ≤ dF (v) + 1, and also dH(u) = dF (u). This implies that H
is an m-tree-connected {r, r + 1}-factor. 
Corollary 3.4. Every 3m-tough (r+1)-iso-tough graph admits an m-tree-connected {r, r+1}-factor, where
r ≥ 6m− 3.
4 m-tree-connected factors with small degrees in (m + ε)-tough
graphs
The following theorem gives another sufficient toughness condition for a graph to have an m-tree-connected
factor with maximum degree at most 2m+ 1.
Theorem 4.1. Let G be a graph. If for all S ⊆ V (G),
m+ 1
2
iso(G \ S) + ω(G \ S) ≤
1
m
|S|+ 1,
then G admits an m-tree-connected factor H such that for each vertex v, dH(v) ≤ 2m + 1, and also
dH(u) ≤ m+ 1 for a given arbitrary vertex u.
In order to prove Theorem 4.1, we need to apply the following two lemmas.
Lemma 4.2.([11]) Let G be a graph. If for all S ⊆ V (G), Ωm(G) ≤
1
m |S| + 1, then G admits an m-tree-
connected factor H such that for each vertex v, dH(v) ≤ 2m + 1, and also dH(u) ≤ m + 1 for a given
arbitrary vertex u.
Lemma 4.3.([11]) Let G be a graph. If S is a vertex subset of V (G) with the maximum Ωm(G \S)− |S|/m
and with the maximal |S|, then every component of G \ S is m-tree-connected or has maximum degree at
most m.
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Proof of Theorem 4.1. Let S ⊆ V (G) with the properties described in Lemma 4.3. Denote by σ the
number of non-trivial components of G \ S which are m-tree-connected. Let C be the induced subgraph
of G containing the vertices of trivial m-tree-connected components of G \ S. By Theorem 2.4, there is an
independent set I of C such that
∑
v∈C
(m+ 1−
dC(v)
2
) ≤
∑
v∈I
(m+ 1−
dC(v)
2
)(dC(v) + 1).
Since dC(v) ≤ m, we must have
∑
v∈C
(m−
dC(v)
2
) + |C| ≤
∑
v∈I
(m+ 1−
m
2
)(m+ 1) =
∑
v∈I
1
2
(m2 + 3m+ 2). (8)
Let S′ = (S ∪ V (C)) \ I so that ω(G \ S′) = σ + |I| and iso(G \ S′) = |I|. Thus by the assumption,
∑
v∈I
1
2
(m2 + 3m) +mσ =
1
2
m(m+ 1) iso(G \ S′) +mω(G \ S′) ≤ |S′|+m = |S|+ |C| − |I|+m,
which implies that ∑
v∈I
1
2
(m2 + 3m+ 2) +mσ ≤ |S|+ |C|+m. (9)
Therefore, Relations (8) and (9) can conclude that
Ωm(G \ S) =
∑
v∈C
(1−
dC(v)
2m
) + σ ≤
1
m
|S|+ 1.
Hence the assertion follows from Lemma 4.2. 
Corollary 4.4. Every (m + ε)-tough 12 (m
2 +m)(m/ε + 1)-iso-tough graph G with ε > 0 has an m-tree-
connected factor with maximum degree at most 2m+ 1.
Proof. Let S ⊆ V (G). By the assumption, we have m+12 iso(G \ S) ≤ (
1
m −
1
m+ε )|S| and ω(G \ S) ≤
1
m+ε |S|+ 1. Therefore, we must have
m+1
2 iso(G \ S) + ω(G \ S) ≤
1
m |S|+ 1. Hence the assertion follows
from Theorem 4.1. 
Corollary 4.5. Every 2m-tough (m2+m)-iso-tough graph G has an m-tree-connected factor with maximum
degree at most 2m+ 1.
5 Connected {2, 4}-factors in (2 + ε)-tough graphs
In 1973 Chva´tal [6] conjectured that every 2-tough graph of order at least three admits a Hamiltonian cycle.
Later, Bauer, Broersma, and Veldman (2000) [2] disproved this conjecture by a class of nonhamiltonian
graphs with toughness approaching 2 + 1/4. It remains to decide whether Chva´tal’s Conjecture is true for
2-tough graphs with high enough isolated toughness.
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Question 5.1. Is it true that there is a positive real number t0 such that every 2-tough graph with isolated
toughness at least t0 admits a Hamiltonian cycle?
Moreover, we believe that Chva´tal’s Conjecture can be revised to the following version.
Conjecture 5.2. Every 2-tough graph of order at least three admits a connected {2, 4}-factor.
Recently, this conjecture was confirmed in [11] for (3 + 1/2)-tough graphs. The following theorem confirms
another weaker version of Conjecture 5.2 restricted to (2 + ε)-tough graphs with high enough isolated
toughness.
Theorem 5.3. A graph G admits a connected {2, 4}-factor, if for all S ⊆ V (G),
3
2
iso(G \ S) + ω(G \ S) ≤
1
2
|S|+ 1.
Proof. By Theorem 4.1, the graph G has a 2-tree-connected factor G0 with maximum degree at most 5.
Now, it is enough to consider a spanning Eulerian subgraph of G0, using the fact that every 2-tree-connected
has a spanning Eulerian subgraph [12]. 
Corollary 5.4. Every (2+ε)-tough (3+6/ε)-iso-tough graph G with ε > 0 admits a connected {2, 4}-factor.
5.1 Highly iso-tough graphs with no connected {2, 4}-factors
In this subsection, we show that the needed toughness in Conjecture 5.2 cannot be reduced to 5/3 even for
the existence of other bounded degree connected even factors.
Theorem 5.5. For any two positive integers r and h and any positive real number ε, there are infinitely
many h-iso-tough graphs with toughness at least 53 +
1
18r − ε which have no connected {2, 4, . . . , 2r}-factors.
Proof. Let Kn be the complete graph of order n, where n is an arbitrary large enough integer. Let h be
a positive integer that is large enough compared to n. Consider the Petersen graph and replace each of its
vertex with a copy of the complete graph Kh+1 such that the resulting graph P is still 3-connected. It is
not hard to verify that P is 3/2-tough and h-iso-tough, while it has no spanning Eulerian subgraphs, as the
Petersen graph is not Hamiltonian. We are going construct a new graph with higher toughness having no
connected {2, 4, . . . , 2r}-factors. Let p = 2nr+1. For every integer i with 1 ≤ i ≤ p, let Pi be a copy of the
graph P and let Ui be the set of all vertices a complete subgraph of Pi with h + 1 vertices. First, add all
possible edges between all vertices of Ui and Uj . Next, join all vertices of Kn to all other vertices of graphs
Pi. Call the resulting graph G. If G has a spanning Eulerian subgraph H , then H must have at least an
edge between the vertices of Kn and Pi; otherwise, the graph H induces a spanning Eulerian subgraph for
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Pi, which is impossible. Hence the number of edges of H incident to the vertices of Kn is at least p. Thus
there is a vertex u ∈ V (Kn) with dH(u) > 2r. This means that G has no connected {2, 4, . . . , 2r}-factors.
Let S ⊆ V (G) and set Si = S ∩ V (Pi), for every i with 1 ≤ i ≤ p. First, let us estimate toughness of
G. If S does not contain all vertices of Kn, then ω(G \ S) = 1. So, suppose G contains all vertices of Kn.
Define ωi to be the number of components of Pi \Si having no vertices of Ui. According to the construction
of G and each Pi, we must have
ω(G \ S) ≤
∑
1≤i≤p
ωi + 1 ≤ 9p+ 1.
It is not difficult to check that ωi ≤
3
5 |Si|, and hence
|S|
ω(G \ S)
≥
∑
1≤i≤p |Si|
ω(G \ S)
+
n
9p+ 1
≥
∑
1≤i≤p
5
3wi∑
1≤i≤p ωi + 1
+
n
18nr + 10
≥
5
3
+
1
18r
− εn,
and εn tends to zero, when n tends to infinity. Now, let us estimate isolated toughness of G. Since G has
minimum degree at least h, if iso(G \ S) = 1 then |S| ≥ h. We may assume that iso(G \ S) ≥ 2 and so
S contains all vertices of Kn. According to the construction of each Pi, we must have iso(Pi \ Si) ≤
1
h |Si|
which implies that
iso(G \ S) =
∑
1≤i≤n
iso(Pi \ Si) ≤
∑
1≤i≤n
1
h
|Si| ≤
1
h
|S|.
These inequalities can complete the proof. 
Corollary 5.6. For every positive integer h, there is an h-iso-tough graph with toughness at least 5/3 having
no connected {2, 4}-factors.
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